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ABSTRACT

The object of this article is to establish some results of Triple Dirichlet averages of Generalized K- Mittag-Leffer
functions introduced by Saxena, daiya and Singh [16]. Representations of such relations are obtained in terms of
fractional derivative. Some interesting special cases findings.

INTRODUCTION

The Dirichlet average of a function is certain kind of integral average with respect to Dirichlet measure. The concept
of Dirichlet average was introduced by Carlson [1,2,4] It is studied, among others, by zu Castell [5], Massopust and
Forster [13], Numan [15], Neuman and Van Fleet [16], Daiya [6] and others. A detailed and comprehensive account
of various types of Dirichlet averages has been given by Carlson [3] in his monograph..

Deora and Banerji [7] have shown that the Triple Dirlchlet average is equivalent to fractional derivative.

Definitionl: Let KeR; «, B,y €C; Re(a)>0 and 7 €C, then the generalized k-Mittag-Leffler function is
given by Saxena, Daiya and Singh [17]

2 Dk 2
B (D)= ZFk(na+,B)t| @
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Where (X),,(X,7€C) denotes the Pochhammer symbol with (1), =n! for ne N =N {0}, which is defined
in terms of gamma function as

) T(x+7) |1 (r=0; xeC\{0})
() |x(x+))...(x+7-1) (r=neN; xeC)

Special cases of EJ’) 5(2)

(i) For T = q, equation (1) yields generalized K-Mittag-Leffler function defined by Saxena, Daiya and Singh [17]

2 Dngx 2
()= o e = Bl (2
k,a, K., 2
PRI AT, (na+ f) p
(if) For k = 1, equation (2) yields generalized Mittag-Leffler function defined by Shukla and Prajapati [19]

, 2 (M A ’
B 5(2) = gr(Tfﬁ)F =E] 4 (2) @)

(if) When g = 1, equation (2) gives the Mittag-Leffler function defined by Doorego & Cerultti [9]

t

2 Mk 2
E/ =y kS _pry

Note 2: A detailed account of Mittag-Leffler function and their application can be found in the survey paper by
Haubold et al.[12], Mathai et al. [14], Saxena et al.[18] and Daiya and Ram [6]

| will need some more notations in the further exposition. In the sequel, the symbol E,_; will denote the

Euclidean simplex, defined by

En_lz[(ul,. . Upq)i U 20, J=1,2,..n, Uy ,. .. ,un_lsl]. ()
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The concept of the Dirichlet average. Following let €2 be a convex set in
z2=(zy,....,2y)€ O":N>2 andlet f beameasurable function on O
Define
foi2)= [ fu-2)duu)
En—1

And

—1

(u-z)=> Uiz +(1—u—,.. ..Uy 1)z,

i=1

and d,ub is the Dirichlet measure defined
dub(u)=i ut 2311_1(1—u1— e —un_l)b"_l duy,....,du,4

B(b)

With the multivariable Beta function

r'(by),....[(b) _
B(b):r(bl+’.__,+b';) Re(b;)>0, (j=12,...,k)

For n=2, we have

m, . (u =M G (1—u)" L du
d 77,77() F(U)T(n’) (1 ) d

Carlson? investigated the average (6) for T (z)= z%; k eR inthe form

C and

let

(6)

()

(®)

9)

(10)
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k
Re(b; z) = j (U-2) d g (u) (11)
En—1
If n=2. Carlson®® proved that

' r _ "
Ry (B. 8% y)= r(%;é))j (1—u)y]k u/Ta-u)ftdu (12)

Where 3, 8'eC;min[Re(f),Re(S)]>0; x,yeR

Let z be species with complex elements Z; jk- let U= (ul, o Uy ),V = (Vl, Cee Vm) and W= (le . Wn)

be an ordered I-tuple, m-tuple and n-tuple of real non-negative weights Zui =1 Zvj =] and ZWk =1
respectively (see Deora and Banerji [7])
Define

I m n

(U-z-vew) =2 > > u; Zi VW 13
i=1 j=1k=1
If Zi ik is regarded as a point of the complex plane all these convex combinations are points in the convex hull

denote by H (Z)

Let U= (Ul, Ceey u|) be an ordered I-tuple of complex numbers with positive real part Re (££) > O and similarly
for o = (0{1, . Otm)and L= (,Bl, ey ﬂn)then define dm# (u), dm,, (V) and dmﬂ (W) as (13).

Let f  be the holomorphic on a  domain D in the complex plane if

Re(u) >0, Re(a) >0, Re(ﬂ) >0andH (Z) c D, define
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F(uz,a,B)=[[] f(u-z-v-w)dm,,(u)dm, (v) dm (w) (14)

Triple Dirichlet average for (I =m=n=2) of (u-z -V-W)t is defined by Deora and Banerji [7].

1elel
Ry (w4520, B ) = [ [ Jo(u-2v-w) dmg,, .y (1) dMg o (V) dMeg gy (W) 29)

where Re(u) >0, Re(x) >0, Re(a) > 0,Re(a’) >0,Re(S) >0 and Re(s') >0,

and

_ {U12111V1W1 Uy Z11pVWWo +UpZ129Vo Wy + Uy 2195V W5 + Uy Z211V1W1}
- (16)

+UpZp1oViWy +UpZo1VoWy + Up ZoorVo Wy
Assume in first species
2111 =2, Z31p =D, 739 =¢, 75, =d

and in second species

Zy11=6, Zpp="F, 2391 =0, 25, =h

Up=u u,=1-u
and (V4 =V Vo =1-vV
Wy =W Wy, =1-w
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Therefore
uvw(@a—-b—-c+d—e+f+g—h)+uv(b—d—f +h)
(u-z-v-w)= +w(e—f-g+h)+wu(c-d-g+h) 17
+u(d—h)+v(f—-h)+w(g—h)+h

and

dm,, . (u) = rr((;;;(y)) u (1-uy T du a9
dmy, o (v):% vt (1-v)* ™ dv (19)
dmﬂﬂ(w)— F(p+F) wh 1(1 W)’B_l dw (20)

Using equation (15)

[(u+4) T(a+a') T(+F)
F()r (@) T(a)r(a)r(B)r(4)
+uv(b—d—f +h)+vw(e—f —g+h)+wu(c—d—-g+h)+u(d—h)+v(f-h)+w(g —h)+h]t

v

st (1— u )”Ll a-1 (1— V)O‘Ll wh1 (1— w)ﬁl*l du dvdw.

R (1,0 B ) = j;j;j;[uvw(a—b—cm —e+f+g-h)

(21)
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Let consider the triple average for (I =m=n=2) of E{,’;ﬂ [U -Z-V- W].

oo yoon T(utu) T(a+a) T(B+p) & Mo

(o0, B,B)=

st 5.F) F(ﬂ)F(u')F(a)F(a’)F(ﬂ)r(ﬂ')ng;rk (na+ f)n!
.[;J.;ﬁ[uvw(a—b—c+d—e+f+g—h)+uv(b—d—f+h)+vw(e—f—g+h)+wu(c—d—g+h)

+u(d—h)+v(f—-h)+w(g —h)+h]t u“*l(1—u)”’_lvo"l(1—v)0‘/_1W/H(l—w)ﬁl_1 du dvdw.
(22)

FRACTIONAL DERIVATIVE

Fractional derivative with respect to an arbitrary function has bee used by Erdelyi [10]. The general definition for
the fractional derivative of order & € C, , Re(oc)> 0 the Riemann-Liouville integral is defined as

o = F(t
(DX F)(X): F(ia) g) (x_t)(l)—a dt (23)
and
X
(D)‘g‘_x0 F)(x)z F(ia) on (x—FtEtl)—“ dt, Re(a)<0 (24)

where F (1) is of the form xP f (x) and f (X) isanalyticat X = O.

I need Gamma and beta function in the further expression
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1
B(m, n)=é xm_l(l— x)n_1 dx (25)
We know that

r(m)(n)
£(m, n):F(m+n)’ (m,n>0) (26)

MAIN RESULTS

Theorem 1: Let KeR; «, 3,7 <C; Re(ax)>0 and z<C, then Triple Dirichlet Average is

established for (I =m=n=2) of Ekaﬂ [U-Z-V-W].

In(m it 2,00, B B) = (a+(§;”((§)+”ﬁ)n F(F”(;;‘) (y—x)l‘“‘”' D [E{;ﬂ(x)”(y—x)“‘l]

(@7)

Proof :- using equation (22)

i oo T(u+p) T(e+a) T(B+8) & Dok
Jt(“""Z""’O‘’ﬂ’ﬂ)‘r(ﬂ)r(ﬂ')r(a)r(o,r)r(ﬂ ZO Iy (na+A)n!

[ [ [ [uw@-b-c+d—e+f+g—h)+uv(b—d—f +h)
+\AN(e—f—g+h)+wu(c—d—g+h)+u(d—h)+v(f—h)+w(g—h)+h]t

uit (1-u)” 1ye-t (1- v)o"_1 whL (1- w)ﬂ 1 du dvdw.
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wrm o g g L) Tlara) T(a+p) & Dnek
Ilksitiand S7) F(ﬂ)r(ﬂ')F(“)r(a')r(ﬂ)F(ﬂ’)nZ:;‘,Fk(na+ﬂ)n!

n ! 4 !
o P [ Tuvw(x—y) +wy] u#d(1-u)“ oot (1-v)  wh L (- w) ™ du dvaw

vy o g gy TWH) Tlata) T(F+A) S5 Mok
h(wzadpf) F(y)l“(,u’)F(a)l"(a’)l“(ﬂ)l"(ﬂ’)ré)Fk(na+ﬂ)n!

n ! ' ’
JoJa ) o @] u a-uy e ) e g dvaw

Using Beta function, Gamma function and suitable adjustments.

o0

[ ' AN (a)n (ﬂ)n F(/l"'/l') (7/)nr,k
Jn(#’ﬂ’z’a’a’ﬁ’ﬁ)_(a+a’)n(ﬁ+ﬁ')n T (u)T y')g‘)rk (na + B)n!

I;[ux +@-u)y] u (1~ u)”'_1 du.

Using definition of fraction derivative (23), we get

[ i N _ (a)n (ﬂ)n r(/u+'u,) 1—p—pt 4 T n —.
R e e v A C i

This completes the proof of Theorem 1.
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Corollary 1.1 Put 7 = (equation (27) reduce in the following from

(@n (B T(u+w)
(a+a) (B+P)n T(n)

T-p—p _
(o B )= (y=x) " DH[ B[S 500" (=207
(28)
Corollary 1.2 Put K =1 equation (28) reduce in the following from
(@n (B)n  T(u+s)

In(wslsziane BB )= G B 1)

(y=x)“* D[ EL% 00" (y -2

(29)

Theorem 2: Let KeR; «, f, 7 €C; Re(a) >0 and 7 €C, then Triple Dirichlet Average is established

for =m=n=2) of Ekaﬂ[U-Z-V-W].

J. (,U wiza,a, ﬁ) ( 'u,)r(r a) (ﬁ+,b’) (1_d)1—,u—,u' (1- f)l—a—a' (1- g)l—ﬂ—ﬂ'

r(ur(a)r(s)
DL D% D [ B (df0) a0y - 1 a-d)* o

Proof: using equation (22)

. , N F(y+y') F(a+a’) B+ p ’ X (7/)nrk
Jt(“’“’Z’O"O"ﬂ’/”)‘r(ﬂ)r(y/)r(a)r(a) Hr(p) nZ;‘)Fk(na+ﬁ)n'
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j;j;j;[uvw(a—b—cm —e+f+g-h)+uv(b—d—f +h)

+vw(e—f —g+h)+wu(c—d—-g+h)+u(d—h)+v(f —h)+w(g—h)+h]t

ust (1—u)” 1ol (1- V)O"_1 wh1 (1- W)ﬂ 1 du dvdw.

set a=dfg;b=df;c=dg;e= fg;h=1and L =—V in(22)

[(u+u) T(a+a) T(p+4) i (Mnek
M) (w) T(a)T () T(B)T(8) 1z T (na+ B)(-v)!

[ [ Tvw(dfg —df — fg—dg +d+ f +g—D+uv(df — f —d +1)+w(fg—  —g+1)

I (upszad, Bf)=

+wu(dg —d —g +1)+u(d -1)+v(f —1)+w(g —1)+1:|_V

utt (1-u)” 1yed (1- v)’)‘,_1 wh L (1- W)’B 1 du dvdw.

on suitable adjustments of terms,

_ F(/J+y') F(a+a’) 1"(/3+/3') i (7/)nr,k
F(u)r () T (@)r () T(A)T(F) 15 T (e + ) (~v)!

J;-I;I;{[l_ u@— d)][l—v(l_ f )] [l— w(l— g)]}—v

u“t(1-u )“'_1 v t(1— V)O"_1 wh1 (a-— W)'B,_l du dvdw.

J, (y,,u',z,a,a',ﬂ,ﬁ')
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r
For U = P V= 9 W= —

1-d’ 1-f 1-g

_ F(,u+,u’) F(a+a’) F(ﬂ+ﬂ') i (V)nr,k
F ()1 () T(a) T (@) T(A)T(8) 15 Tk (net+ B) (—v)!
@—dyt s @ e a-gy A [0 (T [a- pa-aya-n]
r’tl-g-n gt a-f -t p“t@a-d-p) tdpdgdr.

Iy (muizad, B p)

Now using definition of fractional derivatives,

_ l"(,u+,u')l"(a+a’)l“(ﬂ+ﬁ')
r(u)r(e)r(f)

DL DL DLy | B (df) -0y @ 1) @y

This completes the proof of Theorem 2.

(L-d)y ™ 1= )7 -y

Corollary 2.1 Put 7 = (] equation (30) reduce in the following from

1"(,u+,u')l“(a+a’)l“(ﬂ+ﬁ')
r(u)r(e)r(p)

D4 D% D [E(:E,ﬁ(dfg )‘1}(1—g>ﬂ‘1 (@L-H)*Fa-d)** @

‘]—V (,u,,u', Z,a,a, ﬂ, ﬂ’) = (1_d)1—,u—,u' (1_ f)l—a—a' (l— g)l—ﬂ—ﬂ’
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Corollary 2.2 Put K =1equation (31) reduce in the following from

(L-d)y ™ 1= )7 gy

Joy (,Uy,U', Z,a,a”ﬁ’ ﬁr) _ F(N+N’)F(a+a')r(;3+ﬁ')

r(u)r(a)r(p

- - -y -1 _ _ _
DY D D | B (dig) ! a9/ - it a-ay e

ACKNOWLEDGEMENT

This work is supported by Post-Doctoral Fellowship of the National Board of Higher Mathematics (NBHM),
Department of Atomic Energy, India.

REFERENCES

B.C. Carlson, Lauricella's hypergeometric function Fp. J. Math. Anal. Appl., 7, 1963, 452-470.

2. B.C. Carlson, A connection between elementary and higher transcendental functions. SIAM J.
Appl. Math., 17, 1, 1969, 116-148.
B.C. Carlson, Special Functions of Applied Mathematics. AcademicPress, New York, 1977.
B.C. Carlson, B-splines, hypergeoemtric functions and Dirichlet average, J. Approx, Theory, 67,
1991, 311-325.

5. W. zu Castell, Dirichlet splines as fractional integrals of B-splines, Rocky Mountain J. Math., 32,
No. 2, 2002, 545-559.

6. Jitendra daiya, “Representing Double dirichlet average in term of K-Mittag-Leffler function
associated with fractional derivative, Journal of Chemical, Biological and Physical Sciences,
(Accepted)

http: // www.gjesrm.com © Global Journal of Engineering Science and Research Management
[135]



[Daiya, 3(6): June, 2016] ISSN 2349-4506
Impact Factor: 2.545

174
Global Journal of Engineering Science and Research Management

7. Jitendra Daiya and Jeta Ram ‘“Dirichlet averages of generalized Hurwitz-Lerch zeta function,
Asian Journal of Mathematics and computer research, 7(1), 2015, 54-67.

8. Yogendra Deora and P. K. Banerji, ““ Triple dirichlet average and fractional derivative, Rev. Tec.
Ing. Uni. Zulia, Vol. 16 (2), 1993, 157-161.

9. G. A Dorrego - R. A. Cerutti, The k-Mittag-Leffler function, Int. J. Contemp Math. Sci., 7 (15),
2012, 705-716.

10. A. Erdélyi, W. Magnus, F. Oberhettinger, F.G. Tricomi, Higher Tran-scendental Functions, Vol.
I. McGraw-Hill, New York - Toronto - London (1953); Reprinted: Krieger, Melbourne, Florida
(1981).

11. S. C. Gupta and B. M. Agrawal, Double Dirichlet average and Fractional Derivative, Ganita
Sandesh, , 5, 1, 1991, 47-52.

12. H.J. Haubold , A.M. Mathai and R.K. Saxena, Mittag-Leffler function & their applications, J.
Appe. Math. 2011, 1-51 (Article ID 298628).

13. P. Massopust, B. Forster, Multivariate complex B-splines and Dirichlet averages, J.Approx.
Theory, 162 (2), 2010, 252-269.

14. A. M. Mathai , R. K. Saxena and H.J. Haubold, The H-function, Theory and Applications,
Springer, New York, 2010.

15. E. Neuman, Stlarsky means of several variables, J. Inequal. Pure Appl. Math., 6 (2), Art. 30,
2005, 1-10.

16. E. Neuman, P. J. Van Fleet, Moments of Dirichlet splines and their applications to
hypergeometric functions, J. Comput. Appl. Math. 1994, 53(2), 225-241.

17. R.K. Saxena, J. daiya and A. Singh, Integral Transforms of the k-Mittag-Leffler function
E}(’l’;ﬁ (2), Le-Mathematiche, Vol. LXIX (2014) — Fasc. Il, 7-16.

18. R.K. Saxena, T.K. Pogany, J. Ram and J.daiya, Dirichlet averages of generalized multi-index
Mittag-Lefler functions, Armenian journal of mathematics, , 3 (4), 2010, 174-187.

19. K. Shukla and J. C. Prajapati, On the generalization of Mittag-Leffler function and its properties,
Journal of Mathematical Analysis and Applications, 336, 2007, 797-811.

http: // www.gjesrm.com © Global Journal of Engineering Science and Research Management
[136]



